Abstract. We study real nonsingular cubic hypersurfaces X ⊂ P 5 up to deformation equivalence combined with projective equivalence and prove that they are classified by the conjugacy classes of involutions induced by the complex conjugation in H 4 (X). Moreover, we provide a graph Γ K4 whose vertices represent the equivalence classes of such cubics and edges represent their adjacency. It turns out that the graph Γ K4 essentially coincides with the graph Γ K3 characterizing a certain adjacency of real non-polarized K3-surfaces.
§1. Introduction
Hypersurfaces of degree d in the projective space P n of dimension n naturally form a projective space P N of dimension N = n+d d − 1. This projective space has certain additional structures that are due to its origin. In particular, it is equipped with a special discriminant hypersurface ∆ that consists of the polynomials f ∈ P N such that {f = 0} ⊂ P n is singular. In fact, ∆ can be seen as the locus of critical values of the projection Γ → P N of the universal (smooth) hypersurface Γ ⊂ P N × P n , Γ = { (f, x) | f (x) = 0, f ∈ P N , x ∈ P n }.
As a consequence, over P N \ ∆ we get, in Kodaira-Spencer terminology, a deformation family of nonsingular varieties Γ 0 → P N \ ∆, where Γ 0 ⊂ Γ is the preimage of P N \ ∆. Everything said before works equally well over C and R. However, there is a principal difference: over C the space P N \∆ is connected and all hypersurfaces {f = 0} with f ∈ P N \ ∆ are deformation equivalent, while over R this is no longer the case (except d = 1) and it is a natural (and classical) task to understand the nature of the connected components of P N (R) \ ∆(R). We will call two real nonsingular hypersurfaces in P n deformation equivalent if they represent points in the same connected component of P N (R) \ ∆(R) (which is a natural deformation equivalence for nonsingular hypersurfaces X ⊂ P n ) and coarse deformation equivalent if one hypersurface is deformation equivalent to a projective transformation of the other (which is a natural deformation equivalence for embeddings X → P n ). In the latter case we speak on hypersurfaces in the same coarse deformation class.
The group P GL(n + 1, R) of real projective transformations of P n is connected if n is even, and has two connected components otherwise. Therefore, a coarse deformation equivalence coincides with the deformation equivalence if n is even, and otherwise a coarse deformation class contains at most two deformation classes.
In this paper we treat the case of cubic hypersurfaces in P 5 and respond to the following questions: how many coarse deformation classes exist ; and how to distinguish hypersurfaces of distinct coarse deformation classes ?
Responses to similar questions for cubic hypersurfaces of lower dimension go up to Newton (1704) in the case of curves, and to Schläfli and Klein (1858-1873) in the case of surfaces (simple proofs going back to Newton [Ne] and, respectively, Klein [Kl] can be found in [DIK1] .). The case of threefolds was treated recently by V. Krasnov [Kr1] .
Two real nonsingular cubic curves in P 2 or surfaces in P 3 are deformation equivalent if and only if their real point sets are homeomorphic. Even stronger, "homeomorphic" can be replaced by "having the same homology groups". In fact, there are 2 classes of nonsingular cubic curves: S 1 and S 1 ⊔ S 1 , and 5 classes of nonsingular cubic surfaces: RP 2 ⊔ S 2 , RP 2 , # 3 RP 2 , # 5 RP 2 , and # 7 RP 2 . Here, # stands for the connected sum and ⊔, for the disjoint sum.
As is shown by V. Krasnov, there are 9 classes of real nonsingular cubic threefolds in P 4 , and they are distinguished by the homology of the real point set plus one additional bit of information: does the real point set realize a trivial or non-trivial Z/2-homology class in the complex point set. In fact, his proof, similarly to Klein's, appeals to a relation between the cubics in P n and complete intersections of bidegree (2, 3) in P n−1 (in Krasnov's case n = 4). Finally, the classification of real nonsingular cubic threefolds happens to be closely connected with the classification of real canonical curves of genus 4 in P 3 , and to the fact that the latter curves form 8 deformation classes.
To solve the problem of coarse deformation classification of real nonsingular cubic fourfolds in P 5 , we need to appeal to the complex point sets more systematically and somehow in a deeper way. Namely, considering a real cubic fourfold X we associate with it the involution c : M → M induced by the complex conjugation on M = H 4 (X(C)). Let us call the isomorphism class of this involution the homological type of X. Our first goal is to prove that this invariant is sufficient (in terminology of [DIK2] it means that the cubic fourfolds are homologically quasi-simple). In fact, we show that the homological type can be replaced by the isomorphism class of the eigenlattice M − = Ker(1 + c). We also enumerate all the possible eigenlattices, which implies, in particular, that the number of coarse deformation classes of real nonsingular cubic hypersurfaces in P 5 is 75.
In addition to a description of the coarse deformation classes of real cubic fourfolds, our results provide the graph of their adjacency. It turns out that this graph essentially coincides with the adjacency graph for non-polarized real K3-surfaces, or equally with the graph determined by real 6-polarizations (in the latter description, outgoing edges of the graph are real 6-polarizations of the real K3-surfaces representing the vertex; see the precise definitions and formulations in section 3). Behind these strong relations between deformation classes of cubic fourfolds and K3-surfaces there are many reasons. One of them is a certain close relation between their lattices. To underline this important similarity, we decided to call K4-lattice the middle homology lattice of the cubic fourfolds.
The crucial role in our approach is played by Nikulin's coarse deformation classification of 6-polarized K3-surfaces in terms of involutions on the K3-lattice and his results on the arithmetics of such involutions, see [N1,N2] .
The paper is organized as follows. In §2, we discuss the central projection correspondence for the nodal cubic hypersurfaces, which yields the relation between the cubic fourfolds and 6-polarized K3-surfaces. The adjacency graphs of projective hypersurfaces and the lattice graphs of involutions are introduced in §3, where we study the basic properties of these graphs, especially in the case of cubic hypersurfaces in P 5 (K4-graph) and real involutions in the K3-lattice (K3-graph). This section contains also a complete description of the K3-graph. In §4, we construct a morphism from the K4-graph to the K3-graph, which allows us to reconstruct the former from the latter, and therefore to prove the main theorem. In conclusion, we give a few remarks, which contain in particular some open questions. In the Appendix, we provide a list of the real involutions in the K3-lattice and their eigenlattices; this list is used in §3 and §4.
Acknowledgements. The authors thank for the hospitality IHES, where this research was initiated. §2. The lattices of cubics 2.1. Cubics with a node or a cusp. The discriminant hypersurface ∆ ⊂ P N can be naturally stratified. Its principal stratum (the stratum of the highest dimension) is the smooth part of ∆, it is formed by those hypersurfaces which have a non-degenerate double point (so called A 1 singular point, or node) and no other singular points. In codimension one there are two strata: one is formed by the hypersurfaces which have two nodes and no other singular points; another is formed by the hypersurfaces which have a cusp (quadratic suspension over x 3 , called also A 2 ) as their only singular point. We denote by ∆ 0 the union of the principal and cuspidal strata and by ∆ 0 (R) its real part, ∆ 0 (R) = ∆ 0 ∩ ∆(R).
The following statement is well known.
The connected components of ∆ 0 (R) will be called pseudo-deformation classes in ∆ 0 (R) (the attribute "pseudo" reflects a possibility of turning a node into a cusp). The group P GL(n + 1, R) naturally acts on ∆ 0 (R) and we call projective classes in ∆ 0 (R) (in other words, projective classes of cubic hypersurfaces with a node or cusp) the orbits of this action. By coarse pseudo-deformation classes in ∆ 0 (R) we mean the orbits of the induced action on the set of connected components of ∆ 0 (R).
There is a natural central projection correspondence, between the projective classes of cubic hypersurfaces in P n with a marked double point and the projective classes of complete intersections of bidegree (2, 3) in P n−1 . Namely, start with a cubic hypersurface X in P n which has a double point at x ∈ X, and consider an affine chart A n ⊂ P n centered at x. Then, the degree 3 equation f = 0 of X written in such affine coordinates is defined up to a constant factor and it splits, f = f 2 + f 3 , into two, quadratic and cubic, homogeneous components f 2 , f 3 defined up to a common factor. A linear change of the affine coordinates leads to a simultaneous projective transformation of f 2 , f 3 (note that a homothety with the center at x multiplies f 2 , f 3 by λ 2 , λ 3 , where λ ∈ R in the case of real hypersurfaces). A change of the affine chart centered at x by a projective transformation preserving x leads, in addition to a projective transformation of f 2 , f 3 , to a transforming f 2 , f 3 into f 2 , f 3 +l 1 f 2 , where 1+l 1 = 0 is a linear equation defining the infinity hyperplane of the new affine chart. Thus, the central projective correspondence yields a well defined map which associates to the projective class of a cubic hypersurface in P n with a marked double point a projective class of complete intersections of bidegree (2, 3) in P n−1 . In general one should be careful about the difference between the scheme-theoretic and the set-theoretic complete intersections (which both appear in the above central projection correspondence). For our purpose, nonsingular complete intersections are sufficient. They can be defined as set-theoretic intersections for which the Jacobian matrix of the defining equations has the rank equal to the codimension. So defined nonsingular complete intersections are scheme-theoretic intersections: if F 1 , . . . , F k are homogeneous polynomials in n variables such that the rank of their Jacobian matrix is equal to k at each point of X ⊂ P n−1 defined by Proof. (cf., [Kr1] ) Consider an affine chart A n ⊂ P n centered at the double point and denote by f = f 2 + f 3 the degree 3 polynomial defining the cubic. A straightforward check shows that the singularity at 0 ∈ A n of f 2 + f 3 = 0 is not of the type A 1 or A 2 if f 2 = f 3 = 0 has a singular point which is also a singular point of f 2 = 0 (that is a point with df 2 = f 2 = f 3 = 0), and that f 2 + f 3 = 0 has more than one singular point if f 2 = f 3 = 0 has a singular point which is a nonsingular point of f 2 = 0 (that is a point with df 2 = 0). Finally, if f 2 + f 3 = 0 has a singular point x different from 0, then df 2 + df 3 = 0 at x, hence, by the Euler relation, 2f 2 + 3f 3 = 0 at x, which implies f 2 = f 3 = 0 at x, so that the intersection f 2 = f 3 = 0 is singular.
The group P GL(n, R) naturally acts on the set of real nonsingular complete intersections of bi-degree (2, 3) in P n−1 and we call projective classes of real nonsingular complete intersections of bi-degree (2, 3) the orbits of this action. Proof. Performing a projective transformation of f 2 , f 3 leads to a projective transformation of f = f 2 + f 3 . Since f 2 , f 3 generate the ideal of the intersection, to obtain bijectivity it remains to check the effect of independent rescaling of f 2 , f 3 and also of replacing f 2 , f 3 by f 2 , f 3 + l 1 f 2 , where l 1 is a degree 1 homogeneous polynomial. As we have seen above analyzing the central correspondence, the both modifications lead to a combination of rescaling and a projective transformation of f = f 2 + f 3 .
The central projection correspondence extends to real algebraic (or real analytic) families of cubics with a marked double point, where by a real algebraic (respectively, real analytic) family of cubics with a marked double point we mean a family which can be given by a real algebraic (respectively, real analytic) family of cubic equations equipped with a real algebraic (respectively, real analytic) family of their double points. Namely, a local real family of cubics can be calibrated by a real family of projective transformations to have the marked double points at the same point, and then the family of cubics can be defined by a real family of equations f 2 + f 3 so that we get in P n−1 a well defined, up to projective equivalence, real family of complete intersections, f 2 = f 3 = 0. In particular, in accordance with Lemma 2.2, there is a well defined map which associates to the coarse pseudo-deformation class of a real cubic hypersurface in P n with a node or cusp a coarse deformation class of real nonsingular complete intersections of bidegree (2, 3) in P n−1 (here, as usual, we call two real nonsingular complete intersections coarse deformation equivalent if one of them can be connected with a projective transformation of another by a real family of nonsingular complete intersections). Proof. Any local real deformation family of nonsingular complete intersections of bi-degree (2, 3) in P n−1 can be lifted to a family of (degree 2 and 3) homogeneous polynomials, f 2 and f 3 , generating the ideal, and thus to a real family of cubics f 2 + f 3 , which according to Lemma 2.2 have a node or a cusp as their unique singular point. Thus, the result follows from Lemma 2.3.
2.2. Homology of singular cubics. Suppose that a cubic X 0 has a node or a cusp at x ∈ X 0 and that it is the only singular point. The central projection of X 0 from x to P n−1 is a birational isomorphism. The singularity of X 0 at x is resolved by a simple blowup of P n at x, and the central projection X 0 → P n−1 lifts to a regular map π : X 0 → P n−1 which is the blowup of P n−1 at the (codimension two, nonsingular) complete intersection Y representing X 0 .
The next proposition applied to B = P n−1 and X =X 0 shows how are related the middle dimensional lattices ofX 0 and Y .
In this proposition, and throughout the paper, by a real structure on a complex (algebraic or analytic) variety B we mean an antiholomorphic involution B → B. 
Proof. (cf. [A] ) The short exact sequence follows from the commutativity of the diagram of long exact sequences of the pairs (B, Y ) and (X, p −1 (Y )) due to the injectivity of the pull back
is the projectivization P(N ) of the normal bundle N of Y in B, and the normal bundle of p −1 (Y ) in X is nothing but O P(N ) (−1) (that is the dual of the tautological line bundle of P(N )). All these constructions respect the real structure.
As it follows for example from Propositions 2.4 and 2.5, all cubics X ∈ ∆ 0 (R) from the same pseudo-deformation class yield the same real homology type ofX and in particular, the same middle dimensional lattice and the same action of the real structure involution on the lattice.
Lattice twists.
Given an integral quadratic form q : L → Z on a finite rank free abelian group L, and v ∈ L with q(v) = ±2, there is a unique integral quadratic form
, where b is the bilinear form associated with q and s v is the reflection L → L defined by 
of q and q ′ are related by the reflection s v and, hence, have the same image. It remains to notice that the discriminant group is the cokernel of the correlation homomorphism.
In what follows we abbreviate q(x) = x 2 and b(x, y) = x, y = xy when it does not lead to a confusion.We denote the discriminant group of L by discr L or L. Recall that L is a finite group, if q is non-degenerate, and then b induces a finite symmetric bilinear form b :
2 mod 2Z. To extend this construction to odd lattices it is sufficient to select a characteristic element w ∈ L ⊗ Q (that is an element w such that b(w, l) = l 2 mod 2Z for any l ∈ L) and to put q(x + L) = x 2 + b(x, w) mod 2Z. A finite rank free abelian group L equipped with a symmetric bilinear form q is called lattice. If the form is non-degenerate, we say that the lattice is nondegenerate.
2.4. Homology of non-singular cubics. Our next goal is to relate the middle dimensional lattice of X 0 with that of a non-singular perturbation X of X 0 . This relation holds for any hypersurface X 0 ⊂ P 2m+1 having a single node or a cusp. Since all the hypersurfaces from the same connected component of ∆ 0 (R) have the same middle dimensional lattice ofX 0 (and the same cohomology ring) with the same action of the real structure, we will restrict ourselves to the case of hypersurfaces with a node.
Recall that given a generic one-parameter perturbation, t → X t ∈ P N , t ∈ C, |t| < ǫ, of a hypersurface X 0 with a node, there is a well defined up to sign vanishing class v t ∈ H 2m (X t ) with (−1) m v 2 t = 2 (this class is realized by so called vanishing spheres, which are lagrangian spheres in X t , and, hence, their normal bundle is isomorphic to the cotangent bundle). If X 0 is real and belongs to ∆ 0 (R), for any real t = 0, then c t (v t ) = ±v t , where the sign ± depends only on the side of ∆ 0 (R), to where X 0 is shifted by the perturbation X t . Moreover, there are canonical, well defined up to isotopy, diffeomorphisms between non-singular fibers X t with Im t 0, t = 0, such that for any t > 0 it holds c t • c −t = µ, where µ is the one-turn monodromy (also well defined up to isotopy). These diffeomorphisms provide an identification of the Poincaré duality lattices M = H 2m (X t ), t = 0, t ∈ R, together with the vanishing cycles v = v t , and in the case of a single node, the monodromy µ is the Picard-Lefschetz transformation s v : The comparison of the Euler characteristic of X t (R) with that of X −t (R) allows us to distinguish the two sides of D 0 (R), or in the other words, to coorient D 0 (R). Such a coorientation can be also characterized by the action of c t on the vanishing class, as we formulate in the following Proposition.
Proposition 2.7. Given a real t, 0 < |t| < ǫ, the equality c t (v t ) = v t holds if and only if χ(X t (R)) > χ(X −t (R)) (which is equivalent to χ(X −t (R)) = χ(X 0 (R))).
Proof. All the statements follow from the direct inspection of the local Euler characteristic of the real loci. By the latter we mean the Euler characteristic of the real part of the Milnor fiber, X loc t (R) ⊂ X t (R), in the case of t = 0, t ∈ R, and the Euler characteristic of the real part of a regular neighborhood of the exceptional divisor,X loc 0 (R) ⊂X 0 (R), in the case of t = 0. The Morse lemma implies that
It will be convenient for us to use such an "increasing" coorientation in case of odd m and the opposite, "decreasing" coorientation in case of even m. The side of D 0 (R) and the corresponding perturbation X t for which c t (v t ) = (−1) m v t will be called the ascendant side and respectively the ascendant perturbation.
Recall next that the exceptional divisor
and the normal bundle of Q in X 0 is isomorphic to the line bundle induced from O P 2m (−1). Thus, the generator w Q ∈ H 2m (Q) realized by intersection of Q with a codimension m − 1 plane in P 2m provides an element w = in * w Q ∈ H 2m ( X 0 ) with w 2 = −2.
Proposition 2.9. If m is even, then the lattices M = H 2m (X t ), t = 0, and
Proof. It is sufficient to compare the exact sequences
where V stands for a vanishing sphere, and to observe that the both homomorphisms
∈ H 2m (X t ) and w ∈ H 2m ( X 0 ) are primitive (which follows from v 2 = 2 and
In what follows we fix a vanishing class v (which is well-defined only up to sign) and select that of the two group isomorphisms M = M given by Proposition 2.9 for which v = w.
Corollary 2.10. Let X 0 be a cubic with a single node, Y ⊂ P 2m be the complete intersection corresponding to X 0 , and X = X t with t = 0. If m is even, then the lattices of X,X 0 , Y , and P 2m are related as follows:
where h ∈ H 2m−2 (Y ) is the hyperplane-section class and e the canonical generator
All the relations respect the real structure, and, in particular, if X is obtained by an ascendant real perturbation ofX 0 then the involutions c X :
induced by the real structures coincide as we identify H 2m (X) and H 2m ( X 0 ) as groups.
Proof. All the statements, except the formula w = h + 2e, follow directly from Propositions 2.5 and 2.9. This formula follows from
is realized by intersection of Q with a codimension m − 1 plane in P 2m .
2.5. The lattices K3 and K4. Let X 0 be a cubic hypersurface in P 5 with a unique singular point which is a node, and Y ⊂ P 4 be associated with X 0 (so that m = 2 in notation of the previous sections). Denote byM and M the latticeŝ M = H 4 (X) and M = H 4 (X), where X is a perturbation of X 0 .
According to Lemma 2.2, Y is non-singular. Therefore, Y is a K3-surface which is 6-polarized by a very ample hyperplane section divisor P, P 2 = 6 (it may be worth to mention here that conversely any K3-surface of degree 6 in P 4 is a complete intersection of a quadric and a cubic, see, e.g., [SD] ). In particular, L = H 2 (Y ) is the K3-lattice 3U ⊕ 2E 8 (U states for the unique even unimodular lattice of rang 2 (and signature (1, 1)), and E 8 for the unique even unimodular negative definite lattice of rang 8) with a marked element
where e is the generator of Z (corresponding to [CP 2 ] ∈ H 4 (CP 4 )) and e 2 = 1. Note that h 2 = −6 inM . If X 0 and X are real, thenX 0 and Y are real as well. By Corollary 2.10, the action of the real structures onM and L are related as cM (x ⊕ ne) = −c L (x) ⊕ ne, and if the vanishing class v ∈ M of a real deformation X is c M -invariant (the case of ascendant perturbations), then the involutions c M (x) and cM (x) coincide as we identify M andM as groups.
Let us denote byM ± , M ± and L ± the (±1)-eigenlattices of the involutions induced onM , M and L by the real structures. The following relations are also immediate consequences of Corollary 2.10.
and if, an addition, M corresponds to an ascendant real perturbation X of X 0 , then
The latticesM and M are 3-polarized by the fundamental class H of the intersection ofX 0 and X respectively with a generic projective subspace of codimension 2 (in other words, by the square of the hyperplane section).
Lemma 2.12. The vanishing class v ∈ M and polarization class H ∈ M can be expressed as v = h+2e, H = h+3e under the group identification M =M = L⊕Z.
Proof. The first relation follows from v = w and w = h + 2e.
To prove the other one it is sufficient to check that H, ξ = h + 3e, ξ for ξ = e and also for any ξ ∈ −L. Note that under identificationM = M the polarization class H ∈ M becomes D • D, where D ∈ H 6 (X 0 ) is the fundamental class of the proper transform C ⊂X 0 of the cubic threefold given in P 4 by the equation f 3 = 0. Since e is realized by a generic 2-plane in P 4 , we have H, e = 3 = h + 3e, e . If ξ ∈ −L, then e, ξ = 0 and under the group identification −L = H 2 (Y ) we have h+3e, ξ = −H Y , ξ , where H Y ∈ H 2 (Y ) is the fundamental class of a hyperplane section of Y . Therefore, it remains to notice that the normal bundle of C ∩p
Finally, let us observe that the both lattices M andM are odd, with the natural (Chern) representatives of the characteristic classes belonging to M + and, respectively, toM + , so that the lattices M − andM − are even.
2.6. Bi-nodal 4-cubics and flips of 6-polarized K3. Assume that a cubic X in P 5 has two non-degenerate nodes, s 1 and s 2 , and that it has no other singular points. Pick projective coordinates (x 0 , x 1 , . . . , x 5 ) such that s 1 = (1, 0, 0, . . . , 0) and s 2 = (0, 1, 0, . . . , 0). Then, in the affine coordinates centered at s 1 (here we let x 0 = 1) X is given by equation
and in the affine coordinates centered at s 2 (here we let x 1 = 1) it is given by equation
where L, A, B, and C depend only on x 2 , . . . , x 5 and have degree 1, 2, 2, and 3 respectively. As usual, we associate with a node s i of X a 6-polarized K3-surface Y i which is given in P 4 by system of equations
, and
Each of Y i has a single singular point, it is a nondegenerate double point and is located at the center of the affine chart. The surfaces Y i are birationally equivalent and a birational isomorphism between them is given by
Consider the induced biregular isomorphism f :Ŷ 1 →Ŷ 2 between the minimal models of Y 1 , Y 2 and note that as any birational isomorphism between minimal K3-surfaces f is biregular. In our case, eachŶ i → Y i contracts a unique (−2)-curve. Denote their homology classes by v i , and the hyperplane section homology classes by h i .
Lemma 2.13.
Proof. The classes h i − v i are given by the proper transform of hyperplane sections passing through s i . Since f preserves this condition, it implies f * (h 1 −v 1 ) = h 2 −v 2 . The class 2h 1 − 3v 1 is given by the proper transform of the section of Y 1 by A = 0. Since f maps this section of Y 1 into the section of Y 2 by x 1 = 0, it implies f * (2h 1 − 3v 1 ) = h 2 . §3. The adjacency graphs 3.1. Involutions on unimodular lattices. Let L be an unimodular lattice and c : L → L its involution (that is an isometry with c 2 = id). Denote by L ± = Ker(1 ∓ c) the eigenlattices and by L ± their discriminant groups. If L is odd, then suppose that there exists a characteristic element w L belonging either to L + or to L − (recall that characteristic are the elements w ∈ L such that x 2 = w, x mod 2 for any x ∈ L). This hypothesis allows us to extend the usual definition of the discriminant quadratic forms q ± : L ± → Q/2Z to the case of odd L: we put
is well-defined modulo 2L ± , thus, q ± is independent of its choice).
As is well-known, L ± are 2-periodic finite groups with anti-isometric quadratic forms. The group isomorphisms between L ± and L(c) = L/(L + + L − ) providing such an anti-isometry are induced by the orthogonal projection p ± : L → L ± ⊗Q. If, for example, w L ∈ L − then L + is even and the above isomorphism between L + and L(c) converts q + into q c : L(c) → Q/2Z given by q c (x+L
The rank of the (isomorphic) 2-periodic groups L ± and L(c) will be denoted by d(c).
We distinguish three types of elements in
defines an element of L ± and we call h a Wu element if 1 2 h ∈ L ± is the characteristic element of the bilinear form b ± : L ± ×L ± → Q/Z. As is known (and easy to check), h ∈ L ± is even if and only if h ∈ (1 ± c)L. In addition, an even h ∈ L ± is a Wu element if and only if x) vanishes, or in the other words, the characteristic element of b ± vanishes, or equivalently, q ± (x) is integral for any x ∈ L ± ).
3.2. Adjacency graphs Γ d,n and lattice graphs Γ L . For any d, n 1, one can consider the graph Γ d,n whose vertices are the coarse deformation classes of real nonsingular hypersurfaces of degree d in P n+1 and the edges are the coarse pseudodeformation classes in ∆ 0 (R): according to Lemma 2.1, connected components of ∆ 0 (R) are topological manifolds; therefore, such a component and its orbit under the action of P GL(n + 1, R) is adjacent to at most two coarse deformation classes of nonsingular hypersurfaces, which are, by definition, the vertices joined by the edge. As it follows from Corollary 2.8, if n = 2m, then this graph has no graphloops, that is edges joining a vertex with itself, and moreover, since connected components of ∆ 0 (R) are co-oriented and this co-orientation is preserved by the actions of P GL(n + 1, R), we can orient the graph pointing the edge from the ascendant side vertex to the opposite side vertex. For any d, n 1, the graph Γ d,n is connected as a non-oriented graph.
Replacing the vertices of Γ d,n by the middle homology lattices of the corresponding hypersurfaces and the edges by Picard-Lefschetz transformations as in the beginning of Section 2.4 we come naturally to the following general notion of the lattice graph, Γ L , for an arbitrary lattice L.
The automorphism group Aut(L) acts by conjugation on the set of involutions c : L → L and on the set of pairs (c, x), where c : L → L is an involution and x ∈ L − (c). We denote by V L the set of the orbits of the first action, and by [c] ∈ V L the orbit of an involution c : L → L. We let [c, x] denote the orbit of (c, x) under the second action, and by E L the set of orbits of the pairs (c, x) with
The lattice graph Γ L is an oriented graph with the vertex set V L and the edge set The map which associates with a real nonsingular hypersurface X of degree The graph Γ L has obviously no graph-loops but in general it may have multiple edges (two or more edges connecting the same pair of vertices). In our case of interest, that is for the K3-lattice L = 3U ⊕ 2E 8 , as it follows from Proposition 3.3 below, the graph Γ L does not contain multiple edges.
is a Wu element with respect to c if and only if [c v ] is even.

In particular, if the involution c v is even, then
The proof of Proposition 3.3 and, moreover, the classification of edges in the case of K3-lattice makes use of the following result that can be found in [N1] .
Theorem 3.2. Assume that even non-degenerate lattices
L i , i = 1, 2, with 2- periodic discriminants L i have the same inertia indices σ ± (L 1 ) = σ ± (L 2 ) and iso- morphic finite quadratic forms q i : L i → Q/2Z. Then L i are isomorphic, and moreover, any isomorphism L 1 → L 2 of quadratic forms q i , i = 1, 2, is induced by an isomorphism L 1 → L 2 if
any of the following conditions is satisfied
(1) L i are indefinite lattices; (2) L i are definite lattices of the rank 2.
Remark. The case (1) in Theorem 3.2 is non-trivial and it is found in [N1] , whereas (2) is straightforward, because the only definite lattices of ranks 1 and 2, with 2-periodic discriminants are ±2 and 2 ±2 respectively. 
Proof.
(1) trivially implies (2), and by Proposition 3.1, (2) implies (3). Assume (3), consider the orthogonal complements of
. By definition of ∼ c the elements v 1 , v 2 ∈ L − are either both even or both odd.
First, restrict our attention to the case of even v i . Under this assumption, there are orthogonal direct sum decompositions,
It implies that L
i have the same rank and Brown invariant (it is sufficient to apply the additivity properties of these invariants). They have also the same parity: indeed, it is sufficient to notice that L i = L(c vi ) and apply Proposition 3.1. Therefore, L i are isomorphic as quadratic spaces (see, for example, [W] and [GM] ). Furthermore, due to Theorem 3.2 the lattices L
In the case of odd v i , we have
given by Theorem 3.2 extends to an isometry φ 1 : L − → L − sending v 1 to v 2 . Applying once more Theorem 3.2 like in the previous case we extend φ 1 to an isometry of L.
3.4. The K3-graph. It is convenient to understand by a K3-surface any (not necessarily projective and not necessarily algebraic) nonsingular compact simplyconnected complex surface with the trivial first Chern class and to speak on real deformations of real K3-surfaces in a sense of Kodaira-Spencer. Since K3-surfaces have h 0,2 = 1 and the complex conjugation involution maps H 0,2 to H 2,0 , the involutions induced by the complex conjugation on the K3-lattice L = 3U ⊕2E 8 have σ + (L + ) = 1 and σ + (L − ) = 2, so that these involutions belong to the component Γ L,1 of Γ L . We call K3-graph the graph Γ L,1 with L = 3U ⊕ 2E 8 and denote this graph, its vertex, edge and elementary cycle sets by, respectively, Γ K3 , V K3 , E K3 , and C K3 . Involutions c with [c] ∈ V K3 will be called real K3-involutions. Proof. Assertions (1) and (2), as well as a list of necessary and sufficient conditions on the rank of L + (c) and the rank and parity of its discriminant, are contained in [N1] . This gives the set of vertices of Γ K3 . All the restrictions on the edges follow from Propositions 3.1 and 3.3, and their existence follows from Propositions 4.2-4.3 applied to the list of the real K3-involutions given in Tables 2-3 of the Appendix. (Note that the existence of all but one edge can be deduced also from [I] , which contains a classification of adjacency-edges in the case of 2-polarized K3-surfaces.)
One can observe furthermore that the cycles [c, v 1 , v 2 ] ∈ C K3 , where v 1 is an odd and v 2 is an even nodal class, v i ∈ L − (c), form a basis for 1-homology of Γ K3 . We will call them basic cycles.
It may be worth to mention (although not really essential for us) that the topological type of the real locus, X(R), of a K3-surface X determines the rank r of L + and the rank d of its discriminant (see Figure 1 ; more details and the references can be found, for example, in [DIK1] ). In a number of cases the topological type of X(R) determines as well the parity of c, then it defines a certain vertex [c] ∈ V K3 , and, moreover, the topological type is uniquely defined by such a vertex. This is the first kind of vertices. To identify a vertex [c] ∈ V K3 of the second kind we need to determine the parity of the involution. Therefore, when it is appropriate, we will use notation [T ] , for the vertices of the first kind and for the odd vertices of the second kind. For the even vertices of the second kind we use notation [T ] I . Here T is a topological type from the list of real K3-surfaces (see Figure 1) , which can be S p ⊔ qS (disjoint union of an orientable surface of genus p and q spheres), or 2S 1 (disjoint pair of tori), or ∅.
3.5. The K4-graph. The graph Γ 3,4 generated by cubic fourfolds is our principal object of interest. We call it K4-graph and denote this graph, its vertex set, and its edge set by, respectively, Γ K4 , V K4 , and E K4 . Proposition 2.3 yields a bijection between E K4 and the set of coarse deformation classes of bi-degree (2, 3) real K3-surfaces in P 4 . On the other hand, as is shown in [N1] the latter set is in one-to-one correspondence with the set of isomorphism classes [c, h] Corollary 3.6. For any K4-edge [c, h] ( Proof. According to Corollary 2.10, M (w) is canonically identified as a group with L ⊕ Z, and under this identification the involution c M(w) coincides with −c ⊕ id. Furthermore, by Lemma 2.12 the vanishing class v ∈ M + (w) is of the same parity as h, namely v = h + 2e where e is a generator of Z. To prove assertions (1) and (2) it remains to notice that the involution c M(w+) in M (w + ) is equal to s v • c M(w) , to use Lemma 2.6 and to apply Proposition 3.1. To prove assertion (3) one needs in addition to check that c M(w+) is even if and only if h is a Wu element of c. The latter equivalence follows from a v-twist relation x + ne, s v c M(w+) (x + ne) + x + ne, s v (x + ne) = x 2 + x, cx + x, h mod 2Z for any x ∈ L and n ∈ Z, which is straightforward.
3.6. K4-cycles. The automorphism group Aut(L) of the K3-lattice L naturally acts on the set of triples (c, h, v) , where c ∈ V K3 , h, v ∈ L − (c), h 2 = 6, v 2 = −2, and v⊥h. Let [c, h, v] denote the orbit of a triple (c, h, v) and C K4 the set of all such orbits.
The following assertion is well known. We give its proof, since did not find a straightforward reference. 
− > 0, and (ω, h) = (ω, v) = 0 (generic in a sense that there is no l ∈ L orthogonal to ω other than linear combinations of h and v). Due to the surjectivity of the period map, there exists a marked K3-surface Y equipped with an anti-holomorphic involution τ : Y → Y and an isometry φ :
Y ) (to take into account the anti-holomorphic involution, one can apply, for example, [DIK1] , Theorem 13.4.3). Due to the prescribed isomorphism type of the lattice generated by h and v and the generic choice of ω, the Picard group Pic Y ⊂ H 2 (Y ; Z) is generated by the fundamental classes v 1 , v 2 of two (−2)-curves with (v 1 , v 2 ) = 4. Therefore, one can adjust the marking φ to have φ(v 2 ) = v and φ(v 1 + 2v 2 ) = h. Then, H = v 1 + 2v 2 is a big nef divisor, and since, in addition, E 2 = 0 for any E ∈ Pic(Y ), it follows from [SD] , Propositions 2.6 and Theorem 5.2, that the linear system |H| has no fixed components or fixed points and, moreover, defines a degree one map onto a normal surface with simple singularities (in our case, the only singularity is the node representing v 2 ).
It remains to notice that, according, for example, to [SD] Theorem 6.1, any degree 6 normal K3-surface in P 4 is a complete intersection of a quadric with a cubic hypersurface.
Recall that the central projection correspondence associates to a uni-nodal K3-surface Y 1 , which is a degree (2, 3) complete intersection in P 4 , a bi-nodal cubic fourfold X 0 with one of the nodes, x 1 ∈ X 0 , being marked. Marking the other node, x 2 ∈ X 0 , yields another uni-nodal K3-surface, Y 2 , related similarly to [c, h 2 , v 2 ], where h 2 = 2h 1 − 3v 1 , v 2 = h 1 − 2v 1 (see Proposition 2.13). The involution
, will be called the flip involution.
In the space P N of all cubic fourfolds, the bi-nodal cubics represent the points of transversal self-intersection of the discriminant hypersurface ∆ ⊂ P N (cf. 2.1) and the two (intersecting transversally) branches of ∆ correspond to the two nodes. The branches are real if the nodes are real. If the nodes are real, then each of these real branches is divided by their intersection into a pair of "halves", which are the adjacent pseudo-deformation classes representing K4-edges [c, Summarizing, we obtain the following result. In the other words, the following endpoints of these edges coincide Assume that [c, h] ∈ E K4 is a regular edge and consider v ∈ L − (c) such that
is regular if and only if its both endpoints are regular; (3) F preserves incidences of edges and vertices and the order of vertices of an edge; that is, if
have the same rank and the same Brown invariant. By Proposition 3.1 and Corollary 3.6, their discriminant forms have the same parity. Thus, Theorem 3.2 applied to the even lattices M − (w + ) and −L + (c v ) shows that they are isometric.
, where the latter, on the other hand, is either isomorphic to the lattice −(M − (w) ⊕ 2 ), or contains it as a subgroup of index 2. Therefore,
. Moreover, according to Proposition 3.1 and Corollary 3.6, h ∼ c v. This completes the proof of (1) and (3). Furthermore, (2) is their straightforward corollary.
Surjectivity of F E holds by its definition and injectivity is due to Theorem 3.5, which yields (4).
For ( In particular, all the odd edges, [c, v] ∈ E K3 and [c, h] ∈ E K4 , are regular.
Proof. All elements of L − ([kS]) = 2 2 ⊕ (10 − k) −2 and L − ([8S] I ) = U (2) are even, so (1) implies (2). Assuming (2), we can observe in Tables 2-3 that L − (c) contains as a direct summand one of the following three lattices: U , or 2 ⊕ E 8 , or U (2) ⊕ D 4 . In the first case, x = (1, k) ∈ U is an odd element for any k ∈ Z, and in particular for k = 4n − 1, which gives x 2 = 2k = 8n − 2. In the second case, x = x 1 ⊕ x 2 ∈ 2 ⊕ E 8 is an odd element, if x 1 = 2n e + , x 2 = (2n − 1)e − , where e 2 ± = ±2, and n ∈ Z. It gives x 2 = 8n − 2. In the third case, element
, and n ∈ {0, 1}. Then Proof. Proving (1)- (3), we consider the decomposition of elements x ∈ L − (c) as x = x 1 ⊕ x 2 , where x 1 ∈ s 2 ⊕ t −2 and x 2 is from the complementary nondiagonal component of L − (c). Note that x is even in L − (c) if and only if x 2 is even in its non-diagonal component (because any element x 1 ∈ s 2 ⊕ t −2 is even). It is straightforward to observe also that x 2 2 is divisible by 4 if x 2 is even (just by checking such a divisibility for the direct summands U , E 8 , D 4 , U (2) and E 8 (2) that appear in the non-diagonal component of L − (c)). Thus, if s = t = 0 then x 2 = x 2 2 = 8n − 2. If s > t = 0, then from Table 2 we can see that the nondiagonal component of L − (c) contains only summands U and E 8 . Observing that even elements of unimodular lattices are obviously divisible by two, we conclude that x 2 2 is divisible by 8. Thus, x 2 = x 2 1 mod 8, which cannot be −2 mod 8 for s 2, because x 2 1 is just the doubled square of an integer if s = 1 and the doubled sum of squares of two integers if s = 2. This proves that the condition in (1) is necessary. To show its sufficiency, we observe from Table 2 that if t 1, then either s 1, or L − (c) contains a summand U orthogonal to −2 . In the first case, x = (k + 1, k) ∈ 2 ⊕ −2 , is an even element, x 2 = (4k + 2) = 8n − 2, if we let k = 2n − 1. If L − (c) contains −2 ⊕ U , then the sum of a generator of −2 with y = (2, 2n) ∈ U is an even element of square 8n − 2. This completes the proof of (1).
Since a direct sum decomposition of a lattice yields a direct sum decomposition of the discriminant form, x is a Wu element of L − (c) if and only if x 1 and x 2 are Wu elements in the corresponding components of L − (c). It is straightforward to observe that if x 1 is a Wu element, then x 2 1 = 2(s − t) mod 16, and if x 2 is a Wu element, then x 2 2 is divisible by 8 (indeed, the discriminant form of s 2 ⊕ t −2 is s 1 2 ⊕ t − 1 2 , the discriminant forms of D 4 , U (2), E 8 (2) are even, and those of U and E 8 are trivial). This shows that the conditions s − t = −1 mod 4 in (2) and s − t = 4n − 1 in (3) are necessary for existence of a Wu element x with x 2 = 8n − 2. If s − t = 4n − 1 in (3), then for the existence part of the statement, we need only to observe that L − ([7S]) = 2 2 ⊕ 3 −2 contains a Wu class v, v 2 = −2, and that L − ([3S]) = 2 2 ⊕ 7 −2 contains a Wu class h, h 2 = 6. If s − t = −1 mod 4 in (2), then we note from Tables 2-3 that either L − (c) contains U , or it contains s 2 ⊕ t −2 ⊕ E 8 with s = 2. If there is a summand U , then letting x 2 = (2, 2k) ⊂ U we obtain x 2 = x 2 1 + x 2 2 = 2(s − t) + 8k, where x 1 = (1, 1, . . . , 1) ∈ s 2 ⊕ t −2 . Choosing a suitable k, we obtain a Wu element x with x 2 = 8n − 2, if (s − t) = −1 mod 4. Similarly, we obtain a Wu element x with x 2 = 8n − 2 in the second case. For example, one can choose x 1 = (3, 1, . . . , 1) ∈ s 2 ⊕ t −2 , so that x 2 1 = 2(s − t) + 16 is either 6 or 14 (since 1 s 2 and 0 t 9), and then let x 2 = 2(κ 1 e 1 + κ 2 e 2 ), for any e i ∈ E 8 , e 2 i = −2, e 1 ⊥e 2 and appropriate κ i ∈ {0, 1} to obtain x 2 = 8n − 2. The conditions (a) or (b) in (4) are necessary because in the case of t = 1, s = 0 the discriminant form is either − 1 2 , or − 1 2 ⊕ discr(D 4 ), which implies that nonWu even elements x ∈ L − (c) have x 2 divisible by 4, in contradiction to x 2 = 8n − 2. Sufficiency of (b) follows from (1)-(3). In case of (a), the construction of x in (1) gives a non-Wu even element, because it involves only one −2 summand. 
Proof. Note that v 1 is an odd element of L − (c v2 ) because of the direct sum decomposition L − (c) = L − (c v2 ) ⊕ −2 , where −2 is generated by v 2 . Proposition 4.2 applied to the involution c v2 implies the existence of an odd element h ∈ L − (c v2 ), h 2 = 6, and, thus, [c, h, v 2 ] ∈ C K4 is such as required.
Proposition 4.6. The mapping
is bijective, and thus F : Γ * K4 → Γ * K3 is an isomorphism of graphs. Proof. The both graphs, Γ * K4 and Γ * K3 , are connected, since they are obtained from connected graphs Γ K4 and Γ K3 by removing irregular vertices and edges, that is, by Corollary 4.4, just one vertex of valency one with the adjacent edge from each graph. On the other hand, F V is surjective, by its definition, F E is bijective by Proposition 4.1(4), and F induces an epimorphism at the level of the first homology by Proposition 4.5. All this together implies that F is an isomorphism of graphs. Finally, we will prove Theorem 1.1, which can be reformulated as follows. Proof. Injectivity of F V implies that regular K4-vertices w can be distinguished by their eigenlattices M − (w) = −L + (F V (w)), due to Theorem 3.4(1). The irregular vertex, w ∈ V K4 V * K4 , can be also distinguished, because its lattice M − (w) is not isomorphic to −L + (c) for all real K3-involutions c.
Namely, −M − (w) = U (2) + 3D 4 , since due to Theorem 3.2 it is the only even lattice having the required signature, (1, 13), and an even discriminant form of the required rank d = 8. These values follows from Corollary 3.6 applied to the irregular K4-edge.
A few related remarks.
Deformations of cubics.
1 In the case of nonsingular cubic hypersurfaces of dimen-sion 3 the coarse deformation equivalence can be reformulated as a deformation equivalence of polarized varieties. Namely, nonsingular cubic hypersurfaces X ⊂ P n come with a natural, projective, polarization L, which is of degree 3 and of ∆-genus ∆(X, L) = n − 1 + L n−1 − h 0 (X, L) = 1. And vice versa, according to T. Fujita [F] any polarized manifold of degree 3 and ∆ = 1 is a cubic hypersurface. In addition, any antiholomoprhic involution X → X lifts to an involutive anti-isomorphism of L if n 4 (recall that X(R) = ∅ for any cubic and Pic X = Z for nonsingular cubics in P n with n 4), and therefore any real structure c : X → X is induced by the complex conjugation under a suitable realization of X as a projective cubic if n 4.
On the other hand, for nonsingular cubic hypersurfaces it holds K +(n−1)L = L, which implies that H i (X; L) = 0 for any i > 0. By semi-continuity, it implies the invariance of ∆-genus under deformations preserving the polarization. As a result, coarse deformation classes of real nonsingular cubic hypersurfaces of dimension n − 1 3 coincide with equivariant deformation classes of real polarized manifolds with polarization of degree 3 and ∆-genus 1.
Some open problems. When the dimension of the projective space P n is even, the group P GL(n + 1, R) is connected, and hence in this case there is no difference between coarse deformation and deformation equivalences as they are defined in Introduction. If this dimension is odd, the group has two connected components, and therefore there may be a certain difference between the two classifications. For the moment, we do not know does it really happen or not in the case of cubics in P 5 . Let us mention a few other open problems concerning real nonsingular cubics in P 5 . First, it would be interesting to give an explicit description of the topology of the real part X R of the cubics in each deformation class. It is not difficult to observe, for instance, that K3-vertex [∅] corresponds to the cubics with X R = RP 4 ⊔ S 4 , and [S] corresponds to X R = RP 4 . The simplest candidate to be proposed in the case of [S p ⊔ qS] is X R = RP 4 #p(S 2 × S 2 )#q(S 1 × S 3 ). The second question is to relate the topology of X R with the topology of the real part of the corresponding Fano varieties, which are, as is known, are nonsingular for any nonsingular cubic and hence also depend only on the coarse deformation class of the cubic. (The case of Fano surfaces of three-dimensional cubics is worked out in [Kr2] .) Some other relations between cubic fourfolds and K3-surfaces. In this paper we related nodal cubic hypersurfaces of dimension 4 with K3-surfaces via a central projection from a double point. As is known, there exist many other connections between them. For example, if (instead of a double point) a cubic hypersurfaces of dimension 4 contains a plane, then the critical locus of the projection from this plane to a complementary plane is a curve of degree 6, so that taking the double covering of the plane ramified in such a curve one obtains once more a K3-surface. Another option is to consider the Fano variety of the cubic. In dimension 4, this variety (which is always nonsingular) is deformation equivalent to the symmetric square of a K3-surface. (It may be worth to mention that these deformation equivalent varieties are hyperkähler and the Fano varieties in question provide a hypersurface in the corresponding moduli space.)
In fact, the main reason of relating the cubic hypersurfaces with the K3-surfaces is that the moduli of K3-surfaces are much better understood than those of cubic hypersurfaces them-selves. In particular, in the case of K3-surfaces one disposes the surjectivity of the period map. One can expect that a similar phenomenon holds for the cubic hypersurfaces of dimension 4. Would such a result be available, the proofs of the classification developed in this paper could mimic the proofs of the corresponding results for K3-surfaces, which would be more simple and more natural. (The injectivity of the period map and the Torelli theorem established by C. Voisin [V] are not sufficient for our purpose.)
Appendix. The list of the eigenlattices of the real K3-involutions.
Our list of the eigenlattices L ± (c) of the real K3-involutions c : L → L splits into 3 tables. In the first column of each table, K3-vertices [c] are characterized by the real locus S p ⊔ qS, or 2S 1 , or ∅, of the corresponding K3-surfaces, as explained in 3.4 (cf. also the caption for Figure 1) Figure 1 , these vertices are presented by black squares which are slightly shifted above the points matching their values of (d, r)). In the first table, we list the lattices L + fixing in each row the value of q in [S p ⊔ qS], while in the second table we list the lattices L − and fix p.
By ±2 we mean the lattice of rank 1 generated by an element with square ±2, and by U the even unimodular lattice of rank 2. Standard notation E 7 , E 8 , D 4 is used for the corresponding negative definite root lattices. By L(2) (in our tables L = U or E 8 ) we denote the lattice whose matrix is the matrix of L multiplied by 2. A coefficient, k, before a lattice stands for the direct sum of k copies, for instance, 2U = U ⊕ U . The direct sum s 2 ⊕ t −2 in the first two tables is called the diagonal component of the corresponding eigenlattice L ± . Table 3 . Other types of L ± U (2) + E 8 (2) U + U (2) + E 8 (2)
K3-vertex
L + L − ------------------------ [8S] I U + 2D 4 + E 8 2U (2) [S 1 ⊔ 8S] I U(
